STAFNEY'S LEMMA HOLDS FOR SEVERAL "CLASSICAL 
INTERPOLATION METHODS 



ALON IVTSAN 

Abstract. Let (Bq, Bi) be a Banach pair. Stafney showed that one can 
replace the space F(B ,Bi) by its dense subspace Q (B , Bi) in the defi- 
nition of the norm in the Calderon complex interpolation method on the 
strip if the element belongs to the intersection of the spaces Bi. We shall 
extend this result to a more general setting, which contains well-known 
interpolation methods: the Calderon complex interpolation method on 
the annulus, the Lions-Peetre real method (with several different choices 
of norms), and the Peetre "±" method. 



1. Introduction 

Stafney showed in his paper [T7] (Lemma 2.5, p. 335) that one can replace 
the space J 7 (Bq, B{) by its dense subspace Q (Bq, Bi) in the definition of the 
norm of an element in the Calderon complex interpolation space [Bq, Bi} 9 
if the element belongs to the intersection of the two Banach spaces. Among 
the various applications of Stafney's result, we mention that it can be used 
to give an apparently simpler proof of part of Calderon's duality theorem, 
namely that, for each 9 e (0, 1), [B*, B{] e C {[B , B x ] e )* holds if (B , is 
a regular Banach couple (j6], pp. 20-1). 

We shall obtain a version of Stafney's lemma in the general setting of 
pseudolattices, which, for appropriate selections of the parameters, will give 
us analogues of this lemma for the Calderon complex interpolation method 
on the annulus, for the "discrete definition" of the Lions-Peetre real method 
and for the Peetre "±" method. In the case of the Lions-Peetre method 
we can work either with the norm defined via the J-functional or with an 
earlier used variant of that norm introduced in [14]. The formulation of our 
version of Stafney's lemma for these methods can be found in Remark |2"T1 

There is some overlap of our result for the case of the Lions-Peetre 
method with a result in Appendix 3 on pp. 47-48 of [9J. The latter re- 
sult applies to more general versions of interpolation spaces defined by the 
iC-functional, but, on the other hand, the relevant norm estimate there is 
only to within equivalence of norms. See also the "Note added in proof" on 
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p. 49 of [9], which announces (without explicit proof) that the condition of 
"mutual closedness" imposed in Appendix 3 can be removed. 

Stafney's lemma cannot be extended to all interpolation methods where 
there are natural analogues of the space T and its dense subspace Q. For 
example, in [4] an analogue of Calderon's complex interpolation space gen- 
erated by an n-tuple of Banach spaces, rather than just a couple, is intro- 
duced. The example in Appendix 1 on pp. 223-6 of [4] shows that, perhaps 
surprisingly, for n > 3, the expected analogue of Stafney's lemma can fail 
to hold. In fact, in that setting the natural analogues of the two quantities 
which appear below in the formula (13. ip in Theorem [TS] may even fail to be 
equivalent. 

2. Preliminaries and examples 

Before stating our main result we need to provide a number of definitions 
and examples, most of which are from [8]. 

Definition 1. Let Ban be the class of all Banach spaces over the complex 
numbers. A mapping X : Ban — > Ban will be called a pseudolattice if 

(i) for each B G Ban the space X (B) consists of B valued sequences 

(ii) whenever A is a closed subspace of B it follows that X (A) is a closed 
subspace of X (£?), and 

(iii) there exists a positive constant C = C (X) such that, for all A,Be 
Ban and all bounded linear operators T : A — > B and every sequence 
{ a n} n( zz e % (^)> the sequence {Ta n } neZ G X (B) and satisfies the estimate 

||{^ a "}nGz||A'(B) — ^ ft) II^IU-s-B I \{ a n } n e2, \ \ x(A) ' 

The following examples will be relevant for our applications. 

Example 2. Let X be a Banach lattice of real valued functions defined on 
Z. We will use the notation X — X to mean that, for each B e Ban, X (B) 
is the space, usually denoted by X (B), consisting of all B valued sequences 

i b n} n eZ SUch that {II^DneZ G X ' lt iS nOTmed b Y ||{M r 

IKllMlslnezll x" ^ n P ar ^icular, we shall be interested in the choices X 
for p G [1, oo] and X = c . 



\X(B) 



Example 3. For each B e Ban let FC (B) be the space of all B valued 
sequences {&„} ngZ such that b n = ^ ^ e~ int f (e tl ) dt for all n and some 
continuous function / : T — > B. FC (B) is normed by ||{^n} rag z|| i r C -( B ) = 
sup te[0 27r) ||/ (e lt )\\ B . The notation X = FC will mean that X {B) = FC (B) 
for each B. 
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Example 4. We shall use the notation X = UC, when X (B) = UC (B) 
for every B G Ban, where UC (B) denotes the Banach space of all B valued 
sequences {b n } n&z such that Xlnez ^nb n converges for all complex sequences 
{A n } ng x satisfying \X n \ < 1 for each n G Z (i.e. such that the sequence b n 
is unconditionally convergent), and UC(B) is normed by ||{^n} ne z||(/c(B) = 
SU P { ||SnGF -^n^lls}' wnere the supremum is taken over all finite subsets 
F of Z and all sequences {A n } ngZ which satisfy |A n | < 1 for all n (see [IB] 
pp. 174-5). (Note that, as was pointed out on p. 58 of [11], it suffices to 
consider sequences {A n } ngZ with A n = ±1, since this yields the same space 
to within equivalence of norms.) 

Analogously, we shall use the notation X = WU C, when X (B) = 
WUC (B) for every B G Ban, where WUC (B) denotes the space consisting 
of all B valued sequences {b n } ne i for which the above norm ||{^n}„ e z||;7c*(s) 
is finite, but for which the unconditional convergence of the sequence b n is 
not required. Such sequences are said to be weakly unconditionally conver- 
gent. (See e.g. p. 58 of [11] or pp. 99 of |13| for an equivalent definition.) 

Let B = (Bo, B\) be a Banach pair (i.e. Bq and B\ are two Banach 
spaces which are continuously embedded in some Hausdorff topological vec- 
tor space). Let X and X\ be any two pseudolattices. We consider them as 
a pair, which we denote by X = {Xq, X{\. 

Definition 5. For each Banach pair B and pseudolattice pair X we define 
J (X, to be the space of all B n Bi valued sequences {b n } nGZ for which 
the sequence {e- ?n 6 n } ngZ is in Xj (Bj) for j = 0, 1. This space is normed by 



b n}n&\\j(x,B) =™ {e ln b n } ni 



X s {Bi) 



J=0,1 

Definition 6. Let A denote the annulus {z G C : 1 < \z\ < e] and let A 
denote its interior. We shall say that the pseudolattice pair X is nontriv- 
ial if, for the special one- dimensional Banach pair B = (C, C) and each 
s G A°, there exists a sequence {b n } n€ x ^ i7 (X, i?) such that the limit 
lim m,n^+oo Yln=-M s n b n exists and is finite and non zero. 

(Note that here our notation differs slightly from that in [8j, but is the 
same as that in 0.) 

Definition 7. We shall say that the pseudolattice pair X is Laurent compat- 
ible if it is nontrivial and if for every Banach pair B, every sequence {b n } neZ 
in J (X, B) and every fixed z in the open annulus A°, the Laurent series 
E„ e z znh n converges in B +B 1 and 1 1 J2 n& Wb^+b,^ ^^ )n& 1 1 j(x,b) 
for some constant C = C (z) independent of the choice of {& n } ngZ . 
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Remark 8. If X is Laurent compatible, then the B + B\ valued function 
/ i z ) = Y.nei zn bn is analytic in A°. 

Definition 9. For each Banach pair B, each Laurent compatible pair X 
and each fixed s £ A we define the space B^ s to consist of all the elements 
of the form b = X]nez s ™^» where {b n } neZ £ J7"(X,£>), with the norm 

H 6 llsx, s = inf {||{ 6 n}„ezlU(x,S) : b = Lez^^f 

Remark 10. B^ s equipped with this norm is a Banach space. 

Remark 11. As remarked on p. 251 of [8], in elaboration of a point of view 
going back to [16j, the space -Bx, s coincides with various known interpolation 
spaces for appropriate choices of X , X\ and s. In each of the three following 
examples we set s = e e for some 9 £ (0, 1). 

(i) If Xq = X\ = FC, the space I?x,s coincides isometrically with the 
variant of Calderon's complex interpolation space obtained when an annulus 
is used instead of a strip in the interpolation method. (The proof of this 
last claim is rather straightforward, but, since it is not given explicitly in 
[16J or [8J, we provide it for the reader's convenience in Section HI together 
with the relevant definitions.) Note that this variant of Calderon's complex 
interpolation space, which was apparently first considered in [IB], coincides 
with [Bq,Bi] 6 to within equivalence of norms, as was shown on pp. 1007-9 
of 0. 

(ii) If Xq = X\ = £ p , then Bx,s is the Lions-Peetre real method space 
Bq p = (Bo, Bi) e . In fact the norm that we obtain here is exactly the norm 
introduced in formula (1.3) on p. 17 of [H] for suitable choices of the parame- 
ters po, Pi, £o and £i. In [14j this space is denoted by s(po, £o, B ; pi, £i, B\), 
a notation which is now rarely used. It has become more customary to 
use other equivalent norms on (Bq, Bi) g p which are defined via the Pee- 
tre J-functional or A'-functional. For example, in terms of the J-functional 
(i.e. J (t,x;Bo,B\) = maxj = o } iP \\x\\ B . for x £ Bq R B\), one can use the 



norm llxll = inf 



where the infimum is taken 



{e- 0n J(e n ,c n , B ,B 1 )} n& 
over all representations x = J^ ngZ c n (with convergence in Bq + B\) with 

KU6^({^V p },5). 

(iii) If Xq — X\ — UC, then Bx, s is an appropriate slight modifica- 
tion (using powers of e instead of powers of 2) of the interpolation space 
By) = (Bo,B\) e introduced by Peetre on p. 175-6 of [16j, for the function 
parameter p(t) = t e , and if X Q = X\ = WUC, then 5x, s is (a modifica- 
tion, again with powers of e in place of 2 of) the Gustavsson-Peetre variant 
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of (Bo,Bi) e which is denoted by (B,pe^ (see p. 45 of [10]). In fact, for 
these two choices of the pseudolattice pair, the spaces i?x,s will coincide 
exactly with the spaces (Bq,Bi) 6 and (B,po} respectively if we perform 
the following rather obvious changes in their construction: replace powers 
of e by powers of 2 in Definition [5J replace the annulus A by the annulus 
{z E C : 1 < \z\ < 2} in Definition [9] and set s = 2 e for some 6 E (0, 1). 

(The method which yields the spaces (B Q ,Bi) 6 is sometimes referred to 
as the "±" method, since, as mentioned above, in the definition of uncon- 
ditional convergence it suffices to consider sequences A n whose values are 1 
and —1.) 

Definition 12. Let X = {Xq, X{\ be a pair of pseudolattices. We shall 
say that X admits differentiation if it is Laurent compatible and, for each 
complex Banach space B, 

(i) for each r E (0, 1), each element {b n } neZ E Xq (B) satisfies 
lim fc ^_oo r~~ k ||6jfc|| B = and each element {b n } n< - z E X X {B) satisfies 

lim^oo?^ ||6fe|| s = 0, and 

(ii) for every complex number p satisfying < \p\ < 1 and for every 
sequence {b n } nGZ G X (B) n X\ (B), the new sequence {&£} neZ * s a l so m 
Xj (B) for j = 0, 1, where {&°} n6Z and {&^} ngZ are defined by setting 6° = 
J2k<o P~ k b n +k+i and b x n = Y,k>o P h b n +k+i (where the convergence of these 
sums in B is guaranteed by condition (i)), and if also 

(iii) for j = 0, 1 and each p as above, the linear map Dj p defined on 
Xj (B) by setting D^ p ({b n } neI } = {^nlnez ma ps Xj (B) boundedly into 
itself. 

Remark 13. The pair X = {Xq, X\\ admits differentiation whenever Xq and 
X\ are each chosen to be any of l v (p E [1, oo]), Cq, FC, UC or WUC (see 
p. 256 of [8J). 

The property of admitting differentiation has the following consequence 
(which also explains the choice of terminology for this property). 

Lemma 14. Let X be a pair of pseudolattices which admits differentiation 
and let B be a Banach pair. Let the sequence {fn} nE z ^ e an e ^ emen t °f 
J (X, i?) and let f : A° — > B + B\ be the analytic function defined by 
f ( z ) = Snez 2 ™/"- Suppose that f (s) = for some point s E A° and let 
g : A° — y Bq + B\ be the analytic function obtained by setting g (s) = f (s) 
and g (z) = jzr^f (z) for all z E A°\{s}. Let {g n } ne z ^ e the sequence of 
coefficients in the Laurent expansion g (z) = ^2 n€ iZ n g n of g in A°. Then 
{9n} n& z ^ s a ^ so an e l emen t of J (X, . 
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For the proof we refer the reader to pp. 258-9 of [8J. This lemma will also 
hold if we replace e by some r > 1 in the definitions of A and J (X, B) . 

We conclude this section with two more definitions of notions which will 
appear explicitly in our main theorem. 

Definition 15. For each Banach pair B we define Jo (&} to be the space 
of all Bo fl B\ valued sequences {b n } neZ with finite support. 

Remark 16. For every Banach pair B, we obviously have that 

Jo{B) Cj({4^i},5) 

whenever X and X\ are chosen to be any of the pseudolattices FC, UC, 
WUC, £ p for p G [1, oo] or Cq. Furthermore, one can verify that J (B) 
is dense in J ({FC, FC} , B) and also dense in J ({X Q , X x } , B) for X { G 
{UC, Cq,£ p }, 1 < p < oo, i — 0, 1. But, in general, J (B) is not dense 
in J ({WUC, WUC} ,B) and, except for trivial Banach spaces Bq, B\, is 
never dense in J ({£°°, £°°} , B) . 

Definition 17. Let S denote the right-shift operator on two-sided sequences 
defined by S ({b n } n& ) = {& n -i}„ 6Z • 

3. The main theorem 

We can now state and prove our main theorem. The steps of the proof 
parallel the steps of Stafney's proof on p. 335 of [17J. 

Theorem 18. Let X be a pair of pseudolattices which admits differentiation 
and let B be a Banach pair. Suppose that 

(i) Jq (B) C J (X, B) and Jo (B) is dense in J (X, B) and that 

(ii) The right-shift operator S maps Xj (Bj) boundedly into itself for 
3=0,1. 

Then, for each x G B fl B\ and s G A°, 
(3.1) 

INIi?x, s = illf \ IK 6 -}n e z||j( X ,B) : = X ' { 6 «}neZ G Jo (^) \ ■ 

I nez J 

Remark 19. Our proof will also hold if we replace the norm IHIj^xi?) ^ n 
both Definition [9] and Equation (13. ip by an equivalent one. 

Remark 20. As hinted in part (iii) of Remark [TT] and in the remark following 
the statement of Lemma UM, if we replace e in our definitions by any positive 
number greater than 1, then we can obtain an appropriate reformulation of 
Theorem [T8j 
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Remark 21. By Remarks ITT ] [T3 | and[T6]we can obtain an appropriate formu- 
lation of Theorem [18] for the "annulus" variant of Calderon's complex inter- 
polation method space, for the Lions-Peetre real method space (B , Bi) g p 
for 1 < p < oo and for the Peetre interpolation space B^ = (Bo,Bi) 9 for 
9 G (0, 1). (Of course condition (ii) of Theorem [T81 obviously holds in these 
cases and in fact S is even an isometry.) 

Our theorem in the case of the "annulus" variant of Calderon's complex 
interpolation method space can also be obtained by an alternative argument 
similar to Stafney's proof on p. 335 of |T7], if one replaces Calderon's space 
Q (Bq, Bi) by the space of all Laurent polynomials with coefficients in B C\Bi 
and if ^{Bq^Bi) is replaced by its counterpart for the annulus (see also 
Section H] and the paragraph which precedes Definition 4.1 on p. 80 of [7]). 

For the Lions-Peetre real method space (Bq, B\) e for 1 < p < oo, our 
theorem shows that if x G B H Bi, 9 G (0, 1) and p G [1, oo), then 



x 



(Bo.Bi) 



inf < max 

i=o,i 



:x = ^2c n , {c n } neZ G Jo (B) I 

neZ J 



By Remark [TH] if we equip the space (B ,B 1 ) ep with the norm 



x 



inf 



e-^J^.Cn-B^Br)} 



where the infimum is taken over all rep- 



resentations x = J2nez c n ( w hh convergence in B + Bi) with {c n } 



J ({£ p ,£ p } then our theorem shows that for every x G B PI Bi, 9 G 
(0, 1) and p G [1, oo), we have that 



x 



inf 



{e- en J(e n ,c n , 50,50} 



: x 



5^c n ,{c n } neZ G Jo (B) 



By Remark [201 we can a l so obtain a version of our theorem if, for in- 



stance, we equip the space (Bq, B\) g with the J-functional norm 



x 



inf 



{2- 9n J(2 n ,c n] B ,B 1 )} r 



ip 



where the infimum is taken over all rep- 



resentations x = Y2nez c n ( w ith convergence in B + Bi) with {c n } ngZ be- 
longing to the variant of J ({£ p , £ p } , B) obtained by replacing powers of e 
by powers of 2 (this norm appears on p. 43 of [1]). 

If we choose this norm, then for every x G Bq H Bi, 9 G (0,1) and 
p G [1, oo) we obtain that 



x 



inf 



{2- en J(2 n ,c n ,B ,B 1 )} ni 



5^c n ,{c„} ngz G Jo (B) 
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By part (iii) of Remark [TT] and by Remark [20| for the Peetre interpolation 
space B(p) = (B , B\) 6 for 6 G (0, 1), our theorem shows that if a; G B f\Bi, 
then 



x 



(B ,Bi) e 



inf < max 

i=o,i 



UC{Bj) 



X 



e Jo (5) } 



Remark 22. We can in fact also obtain a version of our theorem for a discrete 
version of the (generalised) J-method which is discussed (for example) on 
p. 381 of j2] and apparently originated in the work of Peetre in [J5]- We 
shall recall its definition. 

Let $ be a Banach lattice of two sided sequences satisfying {0} ^ $ C 
i\ + £\. Here l\ denotes the space of all real valued sequences {b n } n( - z 
such that the sum J2 n &z ^~ n ° W * s nn ite with the norm ||{&n} ne z||£; = 
E„ e z2- ni |6ni fori = 0,1. 

We define ||^||jd^ = inf ||{ J (2 n , x n ; B , -£?i)} ngZ || $ where the infimum 
is taken over all representations x = ^2 ne z x n (with convergence in B Q + Bi) 
with x„, G -Bo D B\ . 

We shall now show what is required in order to obtain our theorem for the 



discrete J-method. Set x n = 2 c n . Defining Hl^njngzllx 
yields jdi B \ = inf \\{J (2 n , c n ; B , B^}^^. 



{2 9n b n } 7 



Since \\{J(2 n ,c n ;B ,B 1 )} 



\x 



and 



max 
i=o,i 



c, 



nils. 



X 



max 

i=o,i 



are equivalent, by Remarks [T9l and [201 we can obtain a version of Stafney's 
lemma in this case if the pseudolattice pair {X , Xi} = {X, X} satisfies the 
conditions of our main theorem. (Here, of course, we must replace e by 2 in 
the appropriate definitions.) 

Remark 23. Janson showed that if we equip Bq fl B\ with the norms of 
(B,poj and B(e), we obtain two normed spaces with equivalent norms (see 
pp. 59-60 of[TT]), and thus a weaker version of (13. ip . i.e. that the left and 
right sides are equivalent, can also be obtained for X = X\ = WUC, even 
though, as pointed out in Remark [161 condition (i) fails to hold in this case. 

Proof of the theorem. Let x be in Bq n B%, s in A° and e an arbitrary 
positive number. The sequence {6 n } ngZ defined by setting b = x and b n = 
for n 7^ is in J Q (i?) and satisfies E ngZ s n b n = x. It is clear from the defi- 
nition of the norm that, for some {c n } ngZ in the subspace J\f s (X, B) 
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of J CK,B), consisting of all sequences {dn}„ eZ such that Snez = 0' 

||{ fe Jnez - KLezll^x.s) < NIb*,. + £ / 2 ' We need the followin g propo- 
sition: 

Proposition. j7o (-£>) H A/" s (X, B) is dense in J\f s (X, B) with respect to the 
norm of J (X, B\ restricted to M s (X, B) . 

We will first give a proof of the proposition and then continue with the 
proof of the theorem. Let {c n } neZ be in J\f s CK,B). Set / (z) = Enez z " c n- 
Then, by Lemma [HI the function g : A° — > Bq + B\ defined by set- 
ting g (s) = f (s) and g (z) = -zrf(z) for all z £ A°\ {s} has a Lau- 
rent expansion g(z) = Y, n & zn 9n with {#„} neZ G j(X,B). Set C = 
maxj =0 ,i ||'S'||^( j B j )-s.A' J (B J )- Since Jo is dense in J7" (X, £?) we can find 
some {h n } n< - z G j7o such that 

( 3 ' 2 ) \\{ h n)ne1 ~ {^}n 6 z||j-(x,B) < e (1 + ' 

For every analytic function / : A — > Bq + B\ with a Laurent expansion 
/ i z ) = En.ez z " 6 n witn i h n} n & e ^ ( X > ^) we sna11 define 

:= IK fe "}nez|U( X ,B) • 

(This is well-defined due to the uniqueness of the Laurent expansion in the 
annulus.) Set h (z) = XlneZ' 2 ™^™- 

Note that for every element {k n } neZ E J (X, B) if k (z) = J2nez zn ^n 
and if r (z) = z — s then (r k) (z) = X^ngz ^™ (kn-i ~ sk n ) and thus 

II^II^.S = IK^n-l — S ^n}nGz|| t 7(x,5) 

< IK^n-llnezllj-^x^) + \ s \ ||{^Jnez||j-(x,s) ' 

Assumption (ii) of the theorem yields that 

||{^n-l} neZ || i7 ( X ,B) = { IK^-iJ'nezlUoCBo) ' I li^^n-l } Tl& \ \ Xl (Si) } 

< C Iimx ^ 1 1 { fe»} neZ 1 1 (So) ' e 1 1 { e *** ; »»)*»6Z 1 1 Al (Bx) / 

< eC||{& n } n6Z ||^ X) -^ 

and thus ||r/c||^^ < e(l + C) \\k\\j B . The preceding calculation, along with 
Equation (13. 2p . shows, in particular, that 



[h n -l s hn} n( zz { C ™J'ngz|| t 7^X,S) ~~ H 7 "^ f\\j,B 

= \\rh-rg\\ jB 
< e{1 + C )\\h-g\\ JjB <s. 
Since {/i n _i — s/i„} ngZ is in J Q (B) D AC (X, i?), the proposition follows. 



10 



A. IVTSAN 



Continuing with the proof of the theorem, we choose an element {« n } neZ 
in Jo (B) nM (X,Z?) such that ||{c n } neZ - {u n } neZ \\j( x ^ < e/2. 

We have that {b n - u n } n& G J (B) and Y^n&L s " ( b n ~ u n) = x. Fur- 
thermore, 

IK & « _u "}nez||j-(x,B) 

— ||{^n}neZ _ { C "}nez|| j(x,B) IK^^neZ _ { M "}neZ 1 1 j(x,B) 

< \\x\\b +e. 
So the proof of the theorem is complete. □ 



4. Additional remarks regarding complex 

interpolation 

We begin by explicitly recalling the definition of complex interpolation 
spaces on the annulus. 

Let B = (Bq, Bi) be a Banach pair. Let J-"a (B) be the space of all contin- 
uous functions / : A — > B + Bi such that / is analytic in A° and for j — 0, 1 
the restriction of / to the circle e J T is a continuous map of e J T into Bj. We 
normJ A (B) by \\f\\^ B) = sup {||/ (e^)|| B . : * G [0, 2tt), j = 0, l}. For 
each 9 G (0, 1), let [S] „ . denote the space of all elements in Bo + B\ of the 
form b = f (e e ) for some / G J"a It is normed by 

11611 [% A = inf { = / G *a (B) , 6 = / (e e ) } . 
Here, as promised above, we give a detailed proof that 

-B{FC,FC},e e = [B] q a with equality of norms, for each G (0, 1) 

as was stated in [8j. Some parts of the proof can also be found on pp. 78-9 
of [TJ. Related ideas appear already in [3]. 

Let b G [-B] 0A and let e be an arbitrary positive number. We can find 
some / G (B) which satisfies b — f (e e ) and ||/||jr A ^) < II^II[b] + e - 
As shown on pp. 78-9 of [7J, / (z) = Ylncz zn f( n ) f° r every z G A , where 

e -mtj / «\ dt = _L f e -n(i+it)j f e i+it\ dt ^ 
2vr Jo 
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from which we obtain that b = E^ ngZ e en /(n), anc ^ thus b G -B{FC,FC},e fl and 
[B] dA C B {FC)FC})e e . Furthermore 

l|6||[s] flA + e > SU P 1 1|/ {^ +it ) \\ B , : i G [0, 27r), j = 0, l| 
= max < e jn f (n) 



/(«) 



FC(B,) 
J-({FC,FC},B) 



> 



D 



{FC,FC},e e 



It follows that 



> 



\ s for all 6 G [5L . . 



Now, for the reverse inclusion and norm inequality, let b G B{ FCFC } e e 
and let e be an arbitrary positive number. We can find some {b n } n€Z G 
J ({FC, FC} , B) such that 



(4.1] 



b = e 0n b 
< 116 



s + £ . By the definition of FC, 



and \\{bn} ne z\\j(^{Fc,FC},B 
we can find for j = 0, 1 continuous functions : T — > Bj such that e> n b n = 
2tt Jo* e ~ mt fi ( e **) ^ ^ or a ^ n ' ^ e s hall define a sequence of functions : 
A ->■ fi H #i by 

iV 



n=-N V 



and we shall first show that g^ (z) converges in B + Bi for each z G A. 

If z 6 A° then, by Remark [HJ the sequence of Laurent polynomials 
Sn{z) := X^=_at z n b n converges in B + B\, and thus, since in fact guiz) = 
iv+i ElLo^W' ^ follows, by standard arguments, that (?at(z) also con- 
verges in Bq + B\ to the same limit Ylnez z n ^n- 

If we apply the lemma on pp. 10-11 of |12| with the Fejer summability 

kernel K n (t) = E™=-„ ( x ~ ipi) ^ and with V ( r ) = fj (e i{t ' r) ) and B = 
Bj for j = 0, 1, then we obtain that 



(4.2) 



&IMO-/i(e ft )l 







for each t G [0, 2n) and thus <?jy (z) also converges for z G A\A°. Moreover, 



since 



lim sup { ||/, (e^) - /, (e if ) || flj : t G [0, 2vr), j = 0, l} = 



12 



A. IVTSAN 



we can in fact obtain, by making a slight modification to the proof of the 
lemma in [12] for our particular case, that 

(4.3) lim sup { \\g N (e^ +u ) - fj (e lt ) \\ : t G [0, 2tt), j = 0, l} = . 

We shall denote the pointwise limit of g^ in B + B\ by g. By Equation 
(1421) . we obtain that g (e j+it ) = fj (e u ) for each t G [0, 2vr) and j = 0, 1, and 
thus the restriction of g to the circle e J T is a continuous map of e J T into 
Bj. Since g(z) = ^] neZ z n fe„ for every z G A°, by Remarks [HI and [TBI and 
Equation (14. ip . g is an analytic function on A° which satisfies 

(4.4) g(e 6 )=b. 

By Equation (14. 3 j) and the maximum principle, the sequence of continuous 
functions gjy converges in 5 + -Bi uniformly on A and consequently its 
limit is also a continuous I?o + B\ valued function. Thus, g G J~a and 
so, by Equation (|4.4|) . 6 G [-B] 0A and -B{_FC,FC},e e C [-B] eA • Furthermore, 
the preceding calculations show that 

b n}nez\\j({FO,FC},B) = JBS? S r U P J|/i ( e **) IL 

= "?J |s(e3> '' )L ' 

= HsIU.(b) > ll»ll [B ] M ■ 

Therefore, ||fe||^j < IHIb 9 f° r all & £ -^{ FC,FC},e B ■ This completes 

the proof. 
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